THRESHOLD RESULTS FOR SEMILINEAR PARABOLIC SYSTEMS 

QIUYI DAI HAIYANG HE JUNHUI XIE 
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Abstract. In this paper, we study initial boundary value problem of semi-linear parabolic 
systems 

(u t -Au = v p (x>i) G 0. x (0,T), 



wt-Au^tf (x,*) e X (0,T), 

u(a;,t) = v(x,t) = (a:, t) £ dfl x [0, T], 
u(a:, 0) = Uo(x) > a; G SI, 

. v(x, 0) = wo (a;) > a; G 17 
and prove that any positive solution of its steady-state problem 

-Au = v p ie!l, 
-Aw = u q x G fi, 
u = « = x G <9S7 



(0.1) 



(0.2) 



is an initial datum threshold for the existence and nonexistence of global solution to prob- 
lcm dO.ip . For the precisely statement of this result, see Theorem 1.1 in the introduction of 
this paper. 

Key words: Initial boundary value problem, Semi-linear parabolic systems, Threshold 
result, Steady-state problem. 
AMS classification: 35J50, 35J60. 



1. Introduction 

Let Q be a bounded domain in R N . We consider the following initial-boundary value 
problem 

'u t -Au = v p (x,t) e tt x (0,T), 

v t -Av = u q (x,t) e Q x (0,T), 

u{x, t) = v{x, t) = (x, t) G dQ x [0, T], (1.1) 
u(x, 0) = Uq(x) > 
v(x, 0) = vq(x) > iefl. 
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where u t ,v t are, respectively, the partial derivatives of u(x,t) and v(x,t) with respect to 



N 



variable t, A = V] #^ is the Laplace operator, and N > 2, p, q > 1 satisfy 

i=i 1 

1 1 iV-2 , . 

iT-i + iTT > — (L2) 

It is well known that for any uq(x),vq(x) G L°°(0), problem (II. ip has an unique classical 
solution (u(x,t),v(x,t)) in a short time, which is called a local solution of problem (11. ip . 
Let T max denote the maximum existence time of (it(rr, t), v (x, t)) as a classical solution. If 
^max = +oo, then we say that (u(x, t), v(x, t)) exists globally, or problem (11. ip has global 
solution. If T max < +oo, then we have 

lim swpu(x,t) = lim supv(x,t) = +oo, 

for which we say that (u(x, t), v(x, t)) blows up in a finite time (see for example [11] for more 
details). 

It is also well known that the solution (u(x,t),v(x,t)) exists globally when the initial 
value (u (x) , Vq(x)) is small enough in some sense, and blows up in a finite time when the 
initial value (u Q (x), v (x)) is large enough in a suitable sense (see pQ jl] [5] [5] [TT] for the exact 
statement). However, the classification of the initial datum (uq(x), Vq(x)) according to the 
existence or nonexistence of global solutions to problem (II. ip is still far from complete. 
Hence, an important task in the study of problem ( 11. ip is to find exact conditions on the 
initial datum (uq(x) , vq(x)) which can ensure the existence or nonexistence of global solutions 
to problem (11.11) . On this direction, we present here a so called threshold result for problem 
(II. ip by making use of its positive equilibriums. To state our result simply and precisely, 
we introduce some notations and definitions first. For any planar vector (a, b) and (c, d), we 
use (a, b) > (c, d) to mean that a > c and b > d, and (a, b) = (c, d) to mean that a = c and 
b = d. If a, b, c, d are functions of variable x, we use (a(x), b(x)) ^ (c(x), d(x)) to mean that 
there exists at least one point Xq such that (a(xo), b(xo)) ^ (c(xq), d(x )). Finally, we say 
that (U(x), V(x)) is a positive equilibrium of problem (II. ip if it is a solution of the following 
steady-state problem related to problem (11. ip . 

-AU = V P xett, 

-av = u" x e n, , . 

(u,v) > (0,0) x e n 1 6) 

(U,V) = (0,0) x e dn. 

Keeping the above notations and definitions in mind, our main result of this paper can be 
stated as 

Theorem 1.1. Assume that p,q > 1 satisfy U.S\) . and that (U(x),V(x)) is an arbitrary 
smooth solution of problem M.3\) . Then there holds 

(i) 7/(0,0) < (u (x),v Q (x)) < (U(x),V(x)) and (u {x), v {x)) £ (U(x),V(x)), then 
problem U.l\) has a global solution (u(x, t), v (x, t)). Moreover, lim(u(x,t),v(x,t)) = (0,0). 

t— >oo 

(ii) If (uo(x), vo(x)) > (U(x), V(x)) and (uo(x) , vo(x)) ^ (U(x), V(x)), then the solution 
(u(x,t),v(x,t)) of problem U.l\) blows up in a finite time. 
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We remark here that Theorem 1.1 is a natural generalization of results on scalar equations 
proved by P.L. Lions in [H] and A.A.Lacey in [TU],but the method we use here is different. 
Roughly speaking, Theorem 1.1 says that any smooth solution of problem ( 11. 3D is an initial 
datum threshold for the existence and nonexistence of global solutions to problem ( II. ip . It is 
also worth pointing out that the restriction (II. 2p on the exponents p and q is optimal in the 
sense that problem (II. 3p has no solutions for star-shaped domains Q when (jl.2p is violated 
(see 0). 

The plan of this paper is as follows. Section 2 devotes to prove two lemmas need in the 
proof of theorem 1.1. The proof of Theorem 1.1 is given in Section 3. Some further remarks 
are included in Section 4. 



2. Preliminaries 

In this section, we prove two lemmas which will be used later in the proof of our main 
result. 

Lemma 2.1. Let (g(x),h(x)) and (U(x),V(x)) be two distinct smooth solutions of problem 
/ Iff. 3\) . Then we have 

g(x)U(x)(g q - 1 - W- 1 ) dx= [ h{x)V {x)^ 1 - hT 1 ) dx. 



Proof. This result can be found in [3]. However, for the reader's convenience, We give a 
proof here. Since (g(x),h(x)) and (U(x),V(x)) are solutions of problem (II. 3p . we have 

-Ag(x) = h p xett, 

-Ah(x) = g q xeQ, (2.1) 
g = h = xedVl 



and 



-AU(x) = V p igO, 

-AV(x) = U q xeVl, (2.2) 

u = v = xedn. 



From these, we can derive 



/ h p V(x) dx = - [ Ag(x)V(x) dx = - I g(x)AV dx = [ g(x)U q , 
Jn Jn Jn Jn 

I hV p dx = - / AU(x)h(x) dx = - I U(x)Ah(x) dx = [ Ug q . 
Jn Jn Jn Jn 



Consequently 



g(x)U(x)(g q - 1 - U q - 2 ) dx = h(x)V(x)(V p - 1 - hP' 1 ) dx. 
n Jn 



□ 



Lemma 2.2. Assume that x > 0, y > 0, and < a < 1. Then 

x a + y a < 2 1 - a (x + y) a . 
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Proof. Let g(t) = t a + (1 — t) a , < t < 1. An easy computations yields 

g'(t) = at a - 1 -a(l-t) a - 1 . 



Hence, we have 



g'(t) > 

g'it) = o 
</(*) < o 



< t < I 



2 1 



1 

2 ' 



|<t<l 



From this, we conclude that 



g{t) = t a + (1 - t) a < 2 1 - a . 
y, w< 

x a + y a < 2 1 - a {x + y) a . 



Substituting t = into the above inequality, we finally obtain that 



□ 



3. Proof of Theorem 1.1 



Proof of Theorem 1.1: (i) Since (0,0) < (u (x),v Q (x)) < (U(x), V{x)), and U{x), V{x) G 
L°°(Q), we know that problem (II. ip has a global solution (u(x,t),v(x,t)). Noticing that 
(uo(x), Vq(x)) ^ (U(x),V(x)), it follows from the maximum principle and the strong com- 
parison principle that 

(0,0) < (u(x,t),v(x,t)) < (U(x),V(x) 

for any (x, t) G Q x (0, +oo). 

Therefore, we may assume, by replacing (u (x) , v (x)) with (u(x,T),v(x,T)) for some 
T > if necessary, that (v,q(x), Vq(x)) < (aU(x),aV(x)) for some constant < a < 1. Let 
(9a(x), h a (x)) = (aU(x), aV(x)). It is easy to verify that (g a (x),h a (x)) satisfies 

' -Ag a > (h a ) p x G Q, 

-Ah a > (g a ) q x G O, 

(3.1) 

g a — h a — x G 
k <7a > 0, h a > x G fl. 
This implies that (<7 a (x), h a (x)) is a strict super-solution of the following problem 

( G t - AG = H p (x,t) G Q x (0,T), 
H t -AH = G q (x,t) eOx(0,T), 

G = H = (x,t) G 5^ x [0,T], (3.2) 

G(x,0) = ^ Q >0 jell, 
k 0) = fr Q > o xeSl. 

Let (G(x, t), H(x, £)) be the solution of (I3.2p . By strong comparison principle we know that 
(G(x,t), H(x,t)) is strictly decreasing with respect to t, and (0,0) < (G(x,t), H(x,t)) < 
(U(x),V(x)). Therefore, (G(x,t), H(x,t)) exists globally. Moreover, there are some func- 
tions g(x) and h(x) such that 

lim G(x,t) = g(x), lim H(x,t) = h(x). 

t—too t—too 
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uniformly on Q, and (g(x), h(x)) is a smooth solution of the following problem. 

-Ag = h p x eVl, 

-Ah = g q xeQ, (3.3) 
(g,h) = (0,0) x G dtt. 

From this, we conclude that {g(x), h(x)) = (0, 0). Otherwise, by strong maximum principle, 
we have (g(x),h(x)) > (0,0). On the other hand, we have (g(x),h(x)) < (U(x),V(x)) since 
(G(x,t), H(x,t)) is strictly decreasing with respect to t. Thus 

/ g^U^g*- 1 - U q ~ l ) dx<0, [ h(x)V(x)(V p ^ - h^ 1 ) dx > 0. 
Jq Jn 

This is a contradiction with Lemma 2.1. Therefore 

]im(G(x,t),H(x,t)) = (0,0). 

t— >oo 

Noticing that (0,0) < (uq,Vo) < (g a (x),h a (x)), comparison principle ensures 

(0,0) < {u{x,t),v{x,t)) < (G(x,t),H(x,t)). 
By applying squeeze principle, we obtain 

lim (u(x, t), v(x, t)) = (0,0). 

t— >oo 

(ii) we prove the conclusion (ii) of Theorem 1.1 by contradiction. To this end, we assume 
that (u (x), Vq(x)) > (U(x),V(x)), (uq(x), Vq(x)) ^ (U(x),V(x)) and problem (11.11) has a 
global solution (u(x,t),v(x,t)). By strong comparison principle, we have 

(u(x,t),v(x,t)) > (U(x),V(x)), 

for any (x,t) G Cl x (0,+oo). Therefore, we may assume, by replacing (u (x) , v (x)) with 
(u(x,T),v(x,T;uq,Vo)) for some T > if necessary, that (uo(x) , vo(x)) > (/3U(x), j3V(x)) 
for some constant > 1. Let (gp,hp) = (/3U(x), j3V(x)). It is easy to verify that (gp,hp) 
satisfies 

-Ag p < {h P Y xeO, 

-Ahp < {gpf xetl, (3.4) 

9p — hp — x G dfl. 
Hence, (gp, hp) is a strict sub-solution of the following problem 

'G t -AG = H p (x,t) G n x (0,T), 

H t -AH = G q (x,t) G x (0,T), 

< G = H = (x,t) & dttx [0,T], (3.5) 

G(a;,O)=08>O a; G fi, 

k fT(a;, 0) = ^ > a; G Jl 

Let (G(x,t), H(x,t)) be the solution of problem (13. 5p . Then it follows from the comparison 
principle that 

(G(x,t),H{x,t)) < (w(x,t),t;(x,t)) 

for any (x,t) due to (gp(x),hp(x)) < (uo,Vo)- Consequently, (G(x,t), H(x,t)) exists globally 
and is strictly increasing with respect to t. 
Let 
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(p(t) = / G(x,t)H(x,t) dx. 
Jn 

E(t) = [ VGVH dx — [ H p+1 dx — I G q+1 dx, 

Jn P + 1 Jn q + ~LJn 



By making use of (13. 5p . we can verify that f(t) and E(t) satisfy 

_ n nu\ , P- 1 f ttv+1 j_ , 1 ~ 1 
dt " 



2E(t) + - — - / H p+1 dx + ^ — - f G q+1 dx, 
P + 1 Jn Q + 1 Jn 

dE(t) 



f n VG t VH dx + f n VH t VG dx - J n H p H t dx - J n G q G t dx 



dt 

= -2 J n G t H t dx < 0. 

11 Tt fn] 

P+q+2 



Let 7 = ■ It follows from the assumption p > 1 and g > 1 that 



7 > 1, > 1, > 1, 



7 ~ 7 

By Holder's inequality, Young's inequality, and Lemma 2.2, we have 

< max{p, g }+l | fl |l-l^^ Gg+ i + ^) 

< ^x{p, g }+l | ^ | l-l 2 l-l^ G , t?+1 dx + j^ H P+l 

Hence, there exists a positive constant C such that 

^>-2£(t)+CV(t). 

Since E(t) is decreasing in t, we have i?(t) < E(0) for any t > 0. Consequently, 

dtp 



(Jt >-2E(0) + C<p>{t). 



From this, we may conclude that 



sup / GH dx < +oo. 
t>o Jn 



Otherwise, we have J n GH dx — > +oo, as t — > oo due to J n GH dx = tp(t) is strictly 
increasing in t. Hence, there exists a constant T > large enough such that 



4- / GH dx> —( [ GH dx)' 
dtJn "2 Vn 



for any t > T. This implies that (G(x,t), H(x,t)) must blow up in a finite time which 
contradicts the fact that (G(x, t), H(x, t)) is a global solution of problem (J33J). 
Let 



T(t) = [ G q+1 dx+ [ H p+1 dx. 
Jn Jn 
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Then, T(t) is strictly increasing in t because (G(x,t), H(x,t)) does. Thus, for any t > 0, we 
have 

C > J t t+1 £ L GH dx ds = -2 £ +1 E(s)ds + g j^ 1 /„ G p+1 dx ds 

+ q wJ t t+1 fnH« +1 dxds, 
>-2£(0)+min{g,g}T(*). 

From this, we can easily see that 

supT(t) < +oo. 

t>o 

Consequently, there are functions g(x) G L P+1 (Q) and h(x) G L q+1 (Q) such that 

G(x,t) -> g(x) weakly in L p+1 (n), 

H(x,t)^h{x) weakly in L 9+1 (fi). 

Multiplying the first and the second equation in (13.51) by ip and ip respectively, and integrating 
the result equations on [t,t + 1], we obtain 

/ [G(x, t + 1) - G(x, t)]ip dx ds+ / G(-A(p) dx ds = / H p ip dx ds, 

Jn Jt Jn Jt Jn 

/ [H(x, t+1)- H(x, t)]ij> dx ds+ / H(-Aifj) dx ds = / G p ifj dx ds, 

Jn Jt Jn Jt Jn 

Passing to the limit as t — > oo, we find that 

/ g(—A(p) dx = h p cp dx, 
Jn Jn 

h(—Aip) dx — I g p i\) dx. 
Jn 

This implies that (g(x), h(x)) is a L l solution of problem (jl.3p (For the definition of the L 1 
solution, we refer to [TT]). 

Noticing that p, q > 1 satisfy (ll.2p and 



/ g q+1 dx < +oo, / h p+l dx < +oo, 
Jn Jn 



it follows from the regularity theory (bootstrap method) of L 1 solution that g,h G L°°(Q) 
(see [llj). With L°° estimate in hand, we can establish the Hq estimate of g(x) and h(x) by 
making use of the following facts 

-AG<H p (x,t) G x (0,+oo), 

-AH < G q (x, t) ettx (0, +oo), (3.6) 

G = H = (x,t) G dQ x [0,+oo). 

Now, we can conclude that (g, h) is a classical solution of problem (11.31) by the standard 
regularity theory of elliptic differential equations (see [7]). 

Since (gp(x),hp(x)) > (U(x),V(x)), it follows from the strong comparison principle that 

G(x,t)>U(x), H(x,t)>V(x) 
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for any (x,t). Consequently 

g(x)>U(x), h(x)>V{x). 

From this, we have 

x^ix)^- 1 - V 1 - 1 ) dx>0 and f h{x)V (x)(V p - 1 - h p - x ) dx < 0. 

This is a contradiction with the conclusion of Lemma 2.1 and we complete the proof of 
Theorem 1.1 (ii). □ 

4. Further Remarks 

The method used in the proof of theorem 1.1 can be applied to study the following inho- 
mogeneous problem 

' u t - Au = v p + \f(x) (x,t) G D, x (0,T), 

v t - Av = u q + Xg(x) (x,t) e n x (0,T), 

(4.1) 

(u,v) = {o,o) (x,t) e on x [0,T], 

k (u(x, 0), v(x, 0)) = (w (x), v (x)) > (0,0) igO, 

where p,q>l satisfy and (0,0) < (f(x),g(x)) ^ (0,0). 

The main difference between problem (11 .ip and (14. ip lies in the structure of their equilib- 
rium sets. From lemma 2.1, we can easily see that any two distinct equilibriums of problem 
( 11. ip must intersect. However, problem ( 14. ip has an unique minimal equilibrium for A > 
small enough which separates from other equilibriums. To state our results precisely, we 
consider the following steady-state problem of problem (14.11) 

-Am = v p + Xf{x) x e O, 

-Av = u q + Xg(x) x eil, ^ 2 ^ 

(u,v) > (0,0) x e Q, 
k (u, v) = (0, 0) xe dQ. 

By sub-solution and sup-solution method, it is not difficult to prove the following 

Lemma 4.1. There exists a positive number A* such that the following two statements are 
true. 

(i) If A > A* ; then problem fiJJfy has no solution. 

(ii) If < A < A* ; then problem jjj4-S\ ) has an unique minimal solution (u m { n (x), v m i n (x)) 
in the sense that ((u m i n (x) , v miQ (x)) < (u(x),v(x)) for any solution (u(x),v(x)) of problem 
fcpty - Moreover, if (u(x), v (x)) ^ (u min (x) , v min (x)) , then ({u TDia (x), v min (x)) < (u(x),v(x)). 

Let u(x) = U(x) + M m i n (x) and v(x) = V(x) + v min (x). Then, it is easy to see that (U, V) 
satisfies 

-AU ={V + v min f - < in xetl, 

-AV = (U + Umia y - < in xGfl, (4.3) 
(U, V) = (0, 0) xe da 

By variational method, we can prove that problem H4.3|) has at least one positive solution 
provided that (II. 2p holds (see [8]). Hence, we have 
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Theorem 4.1. Assume thatp,q > 1 satisfy U.fy) . Let A* be the number obtained in lemma 
4.1. Then, for any A G (0,A*), problem \4-ty has at least two solutions, and among them 
there exists a minimal one. 

By the same method as that used in the proof of lemma 2.1, we can prove the following 

Lemma 4.2. Let (Ui, V\) and (U2, V2) be any two smooth solutions of problem fi4.3\ ), G(u) = 

(u+u min )^-< in d H , s = (v+V^-vLn . Th( , n we have 

U v ' V 

[ UJJzWUt) - G(Z7i)) dx= f V!V 2 (H(Vi) - H{V 2 )) dx. 
Jn Jn 

Noting that G(u) and H(v) are strictly increasing in u and v respectively due to p, q > 1, 
we infer from lemma 4.2 that the following result on the structure of solution set of problem 
(JOD holds 

Theorem 4.2. With the same assumption as that of theorem 4-1, problem \4-*ty has at 

least two solutions, and among them there exists a minimal one. Moreover, any two distinct 
solutions of problem {4-ty which are also different from the minimal one must intersect 
somewhere. 

With theorem 4.2 established, by a similar argument to that used in the proof of theorem 
1.1, we can reach the following 

Theorem 4.3. Assume that p, q > 1 satisfy U.S\) . Let A* be the number obtained in lemma 
4-1. Then, we have 

(i) If A > A* ; then, for any initial value (uo(x), v (x)) > (0,0), the solution (u(x,t),v(x,t)) 
of problem jjj4-l\ ) must blow up in a finite time. 

(ii) I/O < A < A* ; and (U(x), V(x)) is an arbitrary smooth solution of problem {4- 6 4) which 
is different from the minimal one, then problem ( fj! 1\ ) has a global solution (u(x,t),v(x,t)) 
with lim (u(x, t), v(x, £)) = (u m in(^), ^min^)) Provided that (0,0) < (uq(x), Vo(x)) < (U(x),V(x)) 

I >-x. 

and (u (x),v (x)) ^= (U(x),V(x)); whereas, the solution (u(x,t),v(x,t)) of problem \4-ty 
must blow up in a finite time if (u (x) , v Q (x)) > (U(x),V(x)) and (u (x) , v (x)) ^ (U(x),V(x)). 

Finally, we point out that the method of this paper can also be applied to study the 
following initial-boundary value problem with Robin boundary conditions. 

'u t -Au = v p (i,t)eOx(0,r), 

v t -Av = u q (x.t) e O x (0,T), 

I (4-4) 
£(u,v) + P(u,v) = (0,0) (x,t) ednx [0,7], 

(u(x, 0), v(x, 0)) = (u (x), Vq(x)) > (0,0) iefl, 

where n is the outer unit vector normal to the boundary dQ of Q, and (3 is a positive constant. 

By similar arguments to that used in the proof of theorem 1.1, we can also prove the 
following result. 

Theorem 4.4. Assume that p,q > 1 satisfy U.S\) . and that (U(x),V(x)) is an arbitrary 
smooth positive equilibrium of problem \4-4\) - Then there holds 

(1) If (0,0) < (u (x),v (x)) < (U(x),V(x)) and (u (x), v (x)) £ (U(x),V(x)), then prob- 
lem \4-4\ ) has a global solution (u(x,t),v(x,t)). Moreover, lim (u(x, t), v(x, t)) = (0,0). 

t— >oo 
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(ii) If (u (x),v (x)) > (U(x), V(x)) and (u (x) , v (x)) ^ (U(x),V(x)), then the solution 
(u(x,t),v(x,t)) of problem ^4-4\) must blows up in a finite time. 
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